In this paper, a new reliable analytical technique has been introduced based on the Harmonic Balance Method (HBM) to determine higher-order approximate solutions of the strongly nonlinear cubicquintic Duffing oscillator. The application of the HBM leads to very complicated sets of nonlinear algebraic equations. In this technique, the high-order nonlinear algebraic equations are approximated in the form of a power series solution, and this solution produces desired results even for small as well as large amplitudes of oscillation. Moreover, a suitable truncation formula is found in which the solution measures better results than existing results and it saves a lot of calculation. It is highly noteworthy that using the proposed technique, the third-order approximate solutions gives an excellent agreement as compared with the numerical solutions (considered to be exact). The proposed technique is applied to the strongly nonlinear cubic-quintic Duffing oscillator to reveals its novelty, reliability and wider applicability. 
Introduction
Nonlinear oscillation in engineering and applied mathematics has been directed towards a topic to intensive research for many years [1] [2] . The few issues occurring in different field of applied sciences and engineering are linear whereas a large number of oscillation problems are nonlinear. Nonlinear oscillations are important fact in physical sciences, mechanical structures and other discipline which are mathematically in the form of differential equations. Practically, all differential equations involving engineering and physical phenomena are nonlinear. The methods of solution techniques of the linear differential equations are comparatively easy and well established. On the contrary, the solution techniques of the Nonlinear Differential Equations (NDEs) are less available still now and, in general, linear approximations are frequently used. With the unearthing of numerous phenomena of the strongly nonlinear oscillation problems and in many cases of nonlinear mechanical vibrations of special types, the methods of large oscillations become insufficient for their analytical treatment.
In present decade, the nonlinear processes are one of the biggest challenges and not easy to control because the nonlinear characteristic of the system abruptly changes due to slight changes of valid parameters including time. As most of the physical and engineering phenomena in our world are essentially nonlinear and are described by NDEs. Obtaining exact solutions for these problems have many difficulties. It is very difficult to solve the NDEs and in general it is often more difficult to get an analytic approximation than a numerical one. To overcoming the shortcoming, in recent earlier, there are many analytical and numerical methods have been used for solving these NDEs. One of the most commonly used analytical technique for nonlinear oscillation systems is the Perturbation Methods [3] [4] , which involving expansion over a small parameter. However, most often there exist many nonlinear problems in applied science and engineering where small parameters do not exist and even if such small parameters do exist, the analytical solutions given by the perturbation methods involving expansion over a small parameter have a small range of validity. As the cubic-quintic Duffing oscillators considered in this paper include small as well as large parameters, the perturbation method involving expansion over a small parameter is not suitable.
These days, researchers have been used some other analytical methods (non-perturb) for the various strongly nonlinear oscillation systems to determine approximate periodic solutions, including, the Max-Min Approach [5] [6] , Approximate Method [7] , Rational Variational Approaches [8] , Amplitude Frequency Formulation [9] , Global Error Minimization Method [10] , Global Residue Rational Harmonic Balance Method [11] , Energy Balance Method [12] [13] and so forth. Most of the aforementioned methods consider only the lower-order approximate solutions which lead to low accuracy while it is usually difficult to achieve higher-order analytical approximations.
The cubic-quintic Duffing equation is found in the modeling of the free vibration of a restrained uniform beam carrying an intermediate lumped mass and undergoing large amplitudes of oscillation in the unimodel Duffing type temporal problem [19] . A differential equation having fifth power nonlinearity is very difficult to handle because of the presence of strong nonlinearity. Due to the presence of fifth power nonlinearity, the accuracy of approximate analytical methods becomes extremely demanding. In recent past, many researchers have been obtained approximate periodic solutions of the strongly nonlinear oscillation of cubicquintic Duffing oscillator. Among them, Lai et al. [14] has been determined up to third-order approximations by using newtonharmonic balancing method. An iterative homotopy harmonic balance method has been applied to drive approximate periodic solutions of cubic-quintic Duffing oscillator by Guo et al. [15] . Using a method combining the features of the homotopy concept with the variational approach, Khan et al. [16] obtained up to fourth-order approximations. Ganji et al. [17] and Ganji et al. [18] has investigated approximate solutions applying He's energy balance method and iteration perturbation method respectively. Moreover, the improved energy balance method and the global residue harmonic balance method have been applied to require approximate periodic solutions of the strongly nonlinear oscillation of cubic-quintic Duffing oscillator by Akbarzade and Farshidianfar [19] . Pirbodaghi et al. [20] has explored the homotopy analysis method and homotopy pade technique to obtain approximate periodic solutions for the Duffing equation with cubic and quintic nonlinearities. Recently, Razzak [21] has considered an analytical method combined of the homotopy perturbation method and variational approach to acquire approximate periodic solutions. Very recently, Zuniga [22] , Zakeri [23] and Beléndez et al. [24] [25] approximated exact solution of the cubic-quintic Duffing oscillator. However, the solution procedure is complicated and the approximated solution contains a set of complex nonlinear algebraic equations with Jacobian elliptic functions which are not easily solved. In this situation, a suitable and efficient analytical approximate technique for strongly nonlinear oscillation system of cubic-quintic Duffing oscillator must be needed.
The harmonic balance method (HBM) [26] [27] [28] [29] [30] [31] [32] is another most efficient technique for solving strongly nonlinear oscillation systems where the nonlinear term is not small. Usually, a set of complicated nonlinear algebraic equations is appeared when the HBM is formulated. In the proposed technique, using a small parameter, the power series solutions yield desired results of these complicated nonlinear algebraic equations even for small as well as large oscillation amplitudes. Besides, a new suitable truncation principle of these nonlinear algebraic equations takes the solutions better than existing solutions and it saves a lot of calculations. The higher-order approximations (mainly third-order approximation) have been obtained of the strongly nonlinear oscillation system of cubic-quintic Duffing oscillators. Comparison of the approximate frequencies obtained in this paper with previously existing results and the corresponding exact frequencies which show that the proposed method gives the high accuracy results. The main advantage of this technique is that it provides a suitable way to calculate a set of complicated nonlinear algebraic equations and increases the rate of accuracy of approximate solutions as well as frequencies of the several benchmark strongly nonlinear oscillator problems arising in nonlinear sciences and engineering.
Solution approach
Let us consider a second-order nonlinear differential equation, can be expressed as
where f ðxÞ is a nonlinear function such that f ðÀxÞ ¼ Àf ðxÞ, x 0 P 0 and e is a constant.
Consider a periodic solution of Eq. (1), can be considered as in the form
where a 0 , q and x are constants. 
By comparing the coefficients of equal harmonics of Eq. (3), the following nonlinear algebraic equations, can be shown as
With help of the first equation, x 2 is eliminated from all the remaining equations of Eq. (4). Thus, Eq. (4), can be transformed into the following form as 
where U 1 ; U 2 ; . . . ; V 1 ; V 2 ; . . . are constants.
Finally, substituting the values of u; v; . . . from Eq. (7) into the first equation of Eq. (5), the angular frequency x is determined.
This completes the determination of all related unknows for the proposed periodic solution as given in Eq. (2) .
General definition of cubic-quintic duffing oscillator
A cubic-quintic Duffing oscillator of a conservative autonomous system can be described by the following second-order differential equation with cubic-quintic nonlinearities which is stated in Lai et al. [14] as
5 . x and t are generalized dimensionless displacement and time variable respectively and x is the function of t.
The exact frequency x ex is calculated in Lai et al. [14] by imposing the mentioned initial conditions is
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The complete solution procedure of cubic-quintic duffing oscillator (Eq. (8) 
Herein we have to determine second-and third-order approximations and frequencies for the strongly nonlinear cubic-quintic Duffing oscillators.
Let us consider a two-term solution, i.e.,
where HOH represents the higher-order harmonics term. Now comparing the coefficients of equal harmonics, the following equations can be obtained as
From the first equation of Eq. (13), it can easily be written into another form as
By elimination of x 2 2 from the second equations of Eq. (13), with the help of Eq. (14) and simplification, the following nonlinear algebraic equation of u can be found as
The Eq. (15), can be written into another from as
where k 0 ¼ a 
where u and x 2 are given respectively by Eqs. (17) and (18) .
It can clearly be observed that the solution Eq. (19) gives better results when the truncation principle is applied in Eq. (13) . Therefore, after applying truncation principle in Eq. (13), it can be taken into the following form as
In Eq. (20), it is clear that the higher-order terms of u (more than second) are ignored; but half of the second order terms are considered. Now, from the first equation of Eq. (20), one could have 
The Eq. (22) can be written into another form as
where k 0 is defined in Eq. (16) . The power series solution of Eq. (23) in terms of k 0 , one could get
Substituting the value of u from Eq. (24) into the Eq. (21) and then simplification, the second-order approximate angular frequency using truncation principle is In a similar way, the method can be used to determine higherorder approximations. In this article, a third-order approximate solution can be considered as xðtÞ ¼ a 0 cosðx 3 tÞ þ a 0 uðcosð3x 3 tÞ À cosðx 3 tÞÞ þ a 0 vðcosð5x 3 tÞ À cosðx 3 tÞÞ ð26Þ Using Eq. (26) into the Eq. (11) and equating the coefficients of same harmonic terms cosðx 3 tÞ, cosð3x 3 tÞ and cosð5x 3 tÞ, the related equations can be shown as
From the first equation of Eq. (27) , one could have 
where k 0 is defined in Eq. (16) 
The power series solutions of Eq. (29) Applying truncation principle, Eq. (27) can be transformed into
From the first equation of Eq. (36), one could obtain (41) into Eq. (37), the third-order approximate angular frequency using truncation principle is 
Results and discussions
We illustrate the accuracy of the second-and third-order approximate frequencies and their relative errors Erð%Þ obtained in this paper by using truncation and without truncation principle for the strongly nonlinear cubic-quintic Duffing oscillator which are listed in Table 1 . It can clearly be seen that all the approximate frequencies obtained in this article applying the proposed technique are better than those obtained previously by Lai et al. [14] , Ganji et al. [17] and Ganji et al. [18] . Moreover, the maximum relative error calculated in this article by using truncation principle (third-order approximation) is 0:04% whereas in the previously published articles Ganji et al. [17] and Ganji et al. [18] are 2:27% and 5:79% respectively. It has been mentioned that the solution procedures of Lai et al. [14] , Ganji et al. [17] and Ganji et al. [18] are laborious specially to obtain higher-order approximations. High accuracy results and very simple solution procedure guaranteed us the proposed technique is much more efficient than existing several methods. Table 1 Comparison the approximate frequencies with the existing results and the corresponding exact frequency Lai et al. xex [14] for the cubic-quintic Duffing oscillator. Er (%)
Er (%) 
Conclusion
In this paper, a new reliable analytical technique based on the Harmonic Balance Method (HBM) has been established to drive approximate periodic solutions of the strongly nonlinear oscillations with cubic and quintic terms in the restoring force, the socalled cubic-quintic Duffing oscillators. The approximate frequencies show an excellent agreement comparing to exact frequency. And it is noted that the third-order approximate frequencies obtained by using truncation principle are almost similar with respect to the exact frequency. The most important advantages of the proposed method as compared to the previous methods are its simplicity, efficiency, flexibility in application, and avoidance of algebraic complexity.
